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Abstract
In this paper, a complete generalization of Herstein’s theorem to the case of Lie color algebras
is obtained. Let G be an abelian group, F a field of characteristic not 2,  :G ×G→ F∗ an anti-
symmetric bicharacter. Suppose A =⊕g∈GAg is a G-graded simple associative algebra over F .
In this paper it is proved that [A,A]/([A,A] ∩ Z(A)) is a simple (,G)-Lie color algebra if
dimZ A > 8, where Z = Z(A) is the color center of A. If A(3) 	= 0 and dimZ A= 8, then there
are two such algebras A such that [A,A]/(Z ∩[A,A]) is not simple or commutative. This extends
a result by Montgomery.
 2003 Elsevier Inc. All rights reserved.
1. Introduction
Recently there have appeared several interesting papers on infinite dimensional simple
Lie color algebras over a field F . See the papers [BXZ,GLS,P,SZZ] listed in references at
the end of this paper.
In the late 1950s, Herstein extended to arbitrary simple rings the classical result that
matrices are essentially simple as Lie algebras [H1,H2]. He proved that for any simple
associative algebra A with center Z, under the usual commutator, [A,A]/([A,A] ∩ Z)
is a simple Lie algebra, unless [A : Z] = 4 and A has characteristic 2. In 1997,
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440 K. Zhao / Journal of Algebra 269 (2003) 439–455Montgomery [M] generalized Herstein’s result to (,G)-Lie color algebras. Let us first
see what an (,G)-Lie color algebra is.
Let F be a field, G an abelian multiplicative group,  :G × G → F ∗ a fixed anti-
symmetric bicharacter, that is,  is a homomorphism in both entries and (a, b)(b, a)= 1.
An (,G)-Lie color algebra is a G-graded vector space L=⊕g∈GLg with an F -bilinear
product [· , ·] :L×L→L satisfying:
[a, b] = −(ga, gb)[b, a] (skew symmetry), (1.1)
[
a, [b, c]]= [[a, b], c]+ (ga, gb)
[
b, [a, c]] (Jacoby identity), (1.2)
for all homogeneous elements a ∈ Lga , b ∈ Lgb , c ∈ Lgc . If G = Z/2Z and (i, j) =
(−1)ij , i, j ∈ Z/2Z, then (,G)-Lie color algebras are simply Lie superalgebras. For
details on Lie color algebras, we refer the reader to [M] and the references therein.
Suppose A =⊕g∈GAg is a G-graded simple associative algebra over a field F of
characteristic not 2. Let Z(A) = {x ∈ A | [x,A] = 0} be the -center of A, where
the Lie color bracket is defined by [x, y] = xy − (gx, gy)yx for x ∈ Agx , y ∈ Agy .
Montgomery [M] showed that, if for any homogeneous u ∈ A− such that u2 ∈ Z(A),
also u ∈ Z(A), then [A,A]/([A,A] ∩ Z(A)) is a simple (,G)-Lie color algebra.
The hypothesis in her theorem is satisfied when G+ = G, or for many graded domains,
such as the Weyl algebras considered as superalgebras, as in [M]. However this hypothesis
is too restrictive in general; in particular, it is not satisfied for the matrix algebras with
their usual structure as superalgebras. For the Lie superalgebra case, Montaner [MF]
proved that if A=⊕g∈GAg is a Z2-graded simple associative algebra over a field Φ of
characteristic not 2, F = Γ0(A) and dimZ A > 8, then [A,A]/(Ze ∩ [A,A]) is a simple
Lie superalgebra.
In this paper we give a complete generalization of Herstein’s theorem to the case of Lie
color algebras. We suppose that A=⊕g∈GAg is a G-graded simple associative algebra
over F , charF 	= 2. We prove that [A,A]/([A,A] ∩Z(A)) is a simple (,G)-Lie color
algebra or a commutative (,G)-Lie color algebra if dimZ A 	= 8, see Theorems 2.11
and 2.12. Moreover, if A(3) 	= 0 and dimZ A 	= 8, then [A,A]/(Z ∩ [A,A]) is
simple. Furthermore, it is shown that the quotient is a simple (,G)-Lie color algebra
if dimZ A > 8 (Corollary 2.13). In our proofs we widely use some of Montgomery’s
results [M].
2. Simplicity theorem
Let A = ⊕x∈GAx be a G-graded associative F -algebra (not necessarily with an
identity element). We say that A is graded simple if A does not have no trivial G-graded
ideals, A is a graded domain if A does not have nonzero homogeneous zero-divisors.
Denote by S(A) all the homogeneous elements of A. For any x ∈ Agx , y ∈ Agy , we
simply write (x, y) = (gx, gy). If we define the bilinear product [· , ·] on A by the
-commutator
[x, y] = xy − (x, y)yx, ∀x, y ∈ S(A), (2.1)
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the usual bracket.
An -Lie ideal U of A is a G-graded vector space U of A such that [A,U ] ⊂ U .
Sometimes it is called an (,G)-Lie ideal. The -center Z(A) of A is denned as
Z =Z(A) :=
{
x ∈A ∣∣ [x,A] = 0}. (2.2)
It is easy to see that Z(A) is G-graded. We say that A is -commutative if [A,A] = 0.
Let G+ = {a ∈G | (a, a)= 1}, G− = (a ∈G | (a, a)=−1}. Then G+ is a subgroup
of G with index 2 or 1. For any graded subspace B of A, we define B+ =⊕g∈G+ Bg ,
then B+ is G+-graded. Similarly we can define B−. Since G=G+ ∪G−, it follows that
B = B+ ⊕B−.
We define A(1) = [A,A], and by induction,
A(n+1) = [A(n),A(n)]. (2.3)
For convenience, we assume that all elements we use hereafter are homogeneous.
For the readers’ convenience, we summarize the results from [M, Lemma 1.3,
Corollary 2.3, Lemma 3.1, Lemma 3.4, Theorem 3.7] into the following
Lemma 2.1. Suppose that A is a graded simple associative algebra of characteristic not 2.
(a) Z(A)= Z(A)+ is 0 or a graded field, that is, any nonzero homogeneous element in
Z(A)+ is invertible;
(b) If U is an -Lie ideal of A satisfying [U,U ] 	= 0, then [A,A] ⊂U ;
(c) If A(2) 	= 0, then, as a associative algebra, A is generated by A(1). So, Z(A) 	= 0 if
and only if Z(A(1)) 	= 0;
(d) If A(3) 	= 0, then A(2) =A(1);
(e) If U is an -Lie ideal of A(1) satisfying U 	= [A,A], then U(3) = 0;
(f) If U is an -Lie ideal of A(1) satisfying [U+,U ] ⊂Z , then U+ ⊂Z;
(g) If U is an -Lie ideal of A satisfying [U,U ] = 0, then U+ ⊂ Z and u2 = 0 for all
u ∈ U .
From (a) we know that, if A does not have an identity element, then Z(A)= 0.
One can use Lemma 2.1, and slightly modify the proof of Theorem 3.8 in [M] to obtain
the following lemma.
Lemma 2.2. Suppose that A is a graded simple associative algebra of characteristic not 2.
If u2 /∈ Z for any u ∈ (A(1))−\{0}, then A(1)/(A(1) ∩ Z) is a commutative or a simple
-Lie color algebra.
Now we are ready to give our first necessary and sufficient conditions for simplicity.
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not 2. Then A(1)/(A(1) ∩Z) is a simple -Lie color algebra if and only if [a,A(1)− ] 	⊂ Z
for any a ∈A(1)− \{0} in the case of (A(1))− 	= 0, or A(3) 	= 0 in the case of (A(1))− = 0.
Proof. If (A(1))− = 0, the proposition follows from Lemma 2.2. Next we suppose that
(A(1))− 	= 0.
Case 1. (A(1))+ ⊂Z .
Since [A(1),A(1)] = [(A(1))−, (A(1))−] ⊂ A(1)+ ⊂Z , we know that A(1)/(A(1) ∩Z) is
abelian. Then A(1)/(A(1) ∩Z) is not simple. The proposition follows in this case.
Case 2. (A(1))+ 	⊂Z .
“⇒”. Suppose there exists a nonzero a ∈ (A(1))− such that [a, (A(1))−] ⊂ Z(A). Let
I =∑∞i=0(ad(A(1)))ia, where (ad(A(1)))0a = Fa. We see that I is a nonzero -Lie ideal
of A(1). Since A(1)/(A(1)∩Z) is a simple -Lie color algebra and I 	⊂Z =Z(A)+, then
I +Z ∩A(1) =A(1). (2.4)
Claim 1. [(ad((A(1))+))ia, (A(1))−] ⊂Z , ∀i ∈ Z.
We shall show this claim by induction on i . Clearly Claim 1 holds for i = 0. Suppose
Claim 1 is true for i ( 0). Then
[(
ad
((
A(1)
)
+
))i+1
a,
(
A(1)
)
−
]= [[(A(1))+,
(
ad
((
A(1)
)
+
))i
a
]
,
(
A(1)
)
−
]
⊂ [[(A(1))+,
(
A(1)
)
−
]
,
(
ad
((
A(1)
)
+
))i
a
]
+ [(A(1))+,
[(
ad
((
A(1)
)
+
))i
a,
(
A(1)
)
−
]]
⊂ [(A(1))−,
(
ad
((
A(1)
)
+
))i
a
]+ [(A(1))+,Z
]
⊂Z. (2.5)
Claim 1 follows.
Claim 2. (ad(A(1)))ia ⊂Z + (A(1))−, ∀i ∈ Z.
Clearly Claim 2 holds for i = 0. Suppose i > 0. By using Claim 1, we deduce that
(
ad
(
A(1)
))i
a = (ad((A(1))+ +
(
A(1)
)
−
))i
a
= (ad((A(1))+
))i
a + [(A(1))−,
(
ad
(
A(1)
))i−1
a
]
⊂ (ad((A(1)) ))ia +Z ⊂
(
A(1)
) +Z.+ −
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From Claim 2 and the definition of I we know that I+ ⊂ Z . Combining this with
(2.4) we see that (A(1))+ ⊂ Z , contrary to the hypothesis that (A(1))+ 	⊂ Z . Therefore,
[a,A(1)− ] 	⊂Z for any a ∈A(1)− \{0}, i.e., this direction of the theorem holds in this case.
“⇐”. It suffices to show that if U is a proper -ideal of A(1) then U ⊂ Z . Since U
is proper, it follows from Lemma 2.1(e) that U(3) = 0 = [U(2),U(2)]. Since V = U(2)
is an -ideal of A(1), we apply Lemma 2.1(f) to see that V+ ⊂ Z . Moreover, for any
homogeneous u ∈ V−, we deduce that [u, (A(1))−] ⊂ (U(2))+ = V+ ⊂ Z . From the
hypothesis we obtain that u= 0. Thus, V = V+ ⊂Z .
Since V = U(2) = [U(1),U(1)] ⊂ Z , we see that [(U(1))+,U(1)] ⊂ Z . Since
W = U(1) is an -ideal of A(1), we apply Lemma 2.1(f) to see that W+ ⊂ Z . Moreover,
for any homogeneous u ∈W−, we deduce that [u, (A(1))−] ⊂ (U(1))+ =W+ ⊂ Z . From
the hypothesis we obtain that u = 0. Thus, W =W+ ⊂ Z , i.e., [U,U ] ⊂ Z . Repeating
the above argument, we obtain U ⊂Z .
This completes the proof of this proposition. ✷
Lemma 2.3 suggests us to investigate the following two important subsets of A:
N = {a,∈ (A(1))−
∣∣ [a,
(
A(1)
)
−
]⊂Z
}
, M =N +Z ∩A(1). (2.6)
Lemma 2.4. The subspace M is an -Lie ideal of A(1).
Proof. For any n ∈N , a ∈ (A(1))+, b ∈ (A(1))−, by definition we have
[[n,a], b]= (a, b)[[n,b], a]+ [n, [a, b]]∈ [Z, a] +
[
n,
(
A(1)
)
−
]⊂Z.
Thus [N, (A(1))+] ⊂ N . We see that [M,(A(1))] ⊂ M . Therefore M is an -ideal
of A(1). ✷
Now we provide the following two very useful lemmas.
Lemma 2.5. Suppose that A is a graded simple associative algebra of characteristic not 2.
(a) If A(1) =A(2), then (A(1))− = [(A(1))+, (A(1))−];
(b) If [(A(1))−, (A(1))−] 	= 0, then (A(1))+ = [(A(1))−,A−];
(c) If A(1) = A(2) and [(A(1))−, (A(1))−] 	= 0, then we have [a,A−] 	⊂ Z for any
a ∈A−\{0}.
Proof. (a) is clear.
(b) It is easy to verify that W = (A(1))− + [(A(1))−,A−] is an -Lie ideal of A with
[W−,W−] 	= 0. Using Lemma 2.1(b), we deduce that A(1) ⊂W , and further A(1) =W . So
we obtain that (A(1))+ = [(A(1))−,A−].
(c) Suppose [a,A−] ⊂Z for some a ∈A−\{0}. By using (a), (b), and (2.2), we deduce
that
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a,
(
A(1)
)
+
]= [a, [(A(1))−,A−
]]= 0,
[
a,
(
A(1)
)
−
]= [a, [(A(1))+,
(
A(1)
)
−
]]= 0.
Then a ∈Z =Z(A)+ by Lemma 2.1(a), contrary to a ∈A−\{0}. Thus (c) follows. ✷
Lemma 2.6. Let A be a graded simple associative algebra of characteristic not 2
with A(1) = A(2) and [(A(1))−, (A(1))−] 	= 0. Suppose that W is an -Lie ideal of A(1)
with W− 	= 0 such that W+ = [W−,A−] + Z ∩ A(1) and [W−, (A(1))−] ⊂ Z . Then
[W+,W+] 	⊂Z .
Proof.
Claim. [W+,W−] 	= 0.
Otherwise suppose that [W+,W−] = 0. We deduce that
[W+,W+] =
[[W−,A−], [W−,A−]
]
⊂ [[[W−,A−],W−
]
,A−
]+ [W−,
[[W−,A−],A−
]]
⊂ [[W+,W−],A−
]+ [W−,
(
A(1)
)
−
]⊂Z. (2.7)
So [W+,W ] ⊂ Z . By Lemma 2.1(f), we deduce that W+ ⊂ Z . Hence [W−,A−] ⊂ Z ,
contrary to Lemma 2.5(c). Thus our Claim follows.
From our Claim and Lemma 2.5(c), we know that [[W+,W−],A−] 	⊂ Z . Noting that
[W−, [W+,A−]] ⊂ [W−, (A(1))−] ⊂Z , if [W+,W+] ⊂ Z , then
[[W+,W−],A−
]⊂ [[W+,A−],W−
]+ [W+, [W−,A−]
]⊂Z + [W+,W+]
⊂Z, (2.8)
which is a contradiction. Thus [W+,W+] 	⊂Z . This completes the proof. ✷
Next are the main results of this paper.
Proposition 2.7. Suppose that A is a graded simple associative algebra of charac-
teristic not 2. Then A(1)/(A(1) ∩ Z) is a simple -Lie color algebra if and only if
[(A(1))−, (A(1))−] 	⊂Z , or A(3) 	= 0 and (A(1))− = 0.
Proof. If (A(1))− = 0, the proposition follows from Lemma 2.2. Next we suppose that
(A(1))− 	= 0.
“⇒”. Suppose [(A(1))−, (A(1))−] ⊂ Z . Then (A(1))− + Z ∩ A(1) is an -Lie ideal
of A(1). Since A(1)/(A(1) ∩ Z) is a simple -Lie color algebra, it follows that (A(1))− +
Z ∩A(1) = A(1). We see that (A(1))+ = Z . It is easy to verify that A(3) = 0, contrary to
simplicity of A(1)/(A(1) ∩Z). Therefore [(A(1))−, (A(1))−] 	⊂Z .
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that
A(3) 	= 0. (2.9)
By Proposition 2.3 it suffices to show that N = 0 (see (2.6)). Suppose that N 	= 0.
Let U =N + [N,A(1)− ] +Z ∩A(1). It is easy to verify that U satisfies the hypothesis
for W in Lemma 2.6. Then
[U+,U+] =
[[N,A−], [N,A−]
] 	⊂Z. (2.10)
Let
V =U(1) +Z ∩A(1) = [U,U ] +Z ∩A(1)
= [N, [N,A−]
]+ [[N,A−], [N,A−]
]+ [N,N] +Z ∩A(1)
= [N, [N,A−]
]+ [[N, [N,A−]
]
,A−
]+Z ∩A(1) = V− + [V−,A−] +Z ∩A(1).
From (2.10) we know that [V−,A−] 	= 0, to give V− 	= 0. Noting that V− ⊂ N , then it is
easy to verify that V satisfies all other hypotheses for W in Lemma 2.6. Then [V+,V+] 	⊂
Z ∩ A(1), i.e., (U(2))+ 	⊂ Z . Applying Lemma 2.1(e), we obtain that U(3) 	= 0. By
Lemma 2.1(e), we deduce that U = A(1). Thus N = A(1)− , contrary to the hypothesis
[(A(1))−, (A(1))−] 	⊂ Z . Thus N = 0, and Proposition 2.3 ensures the simplicity of the
algebra. ✷
From Proposition 2.3, it is natural to investigate the simplicity of the -Lie color algebra
A(1)/M . The following two propositions answer this question.
Proposition 2.8. Suppose that A is a graded simple associative algebra of characteristic
not 2. If A(3) 	= 0 and (A(1))− 	= 0, then [(A(1))−, (A(1))−] 	= 0.
Proof. Suppose [(A(1))−, (A(1))−] = 0. FromA(1) =A(2), we see thatA(1)− = [A(1)+ ,A(1)− ].
Then A(1)+ ⊃ [A(1)− ,A(1)+ A(1)− ] = A(1)− A(1)− . It is easy to verify that U = (A(1))− +
(A(1))−(A(1))− is an -Lie ideal of A(1). It is clear that [U,U ] = 0. By Lemma 2.1(f)
we see that U+ = (A(1))−(A(1))− ⊂Z .
Suppose U+ 	= 0.
For any a, b, c ∈ (A(1))−, we have
0= a[b, c] + (b, c)[a, c]b= (ab)c+ (ab, c)(ca)b.
Noting that ab and ca are elements in Z , then the dimension of (A(1))− over Z is 1.
Let (A(1))− =Ze. Since [(A(1))−, (A(1))−] = 0, we see that e2 = 0. But U+ =Zee= 0,
a contradiction. Therefore U+ = 0.
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associative algebra. From U+ = 0, we deduce that (A(1))−(A(1))+ · · · (A(1))+(A(1))− = 0.
Then we obtain that
A= ((A(1))− + F
) ∞∑
i=0
((
A(1)
)
+
)i
.
Thus A− = (A(1))−∑∞i=0((A(1))+)i . We deduce that A−A− = 0. Therefore A− is an
associative ideal of A, and A = A− is abelian, contrary to the fact A(3) = 0. Thus
[(A(1))−, (A(1))−] 	= 0. ✷
Proposition 2.9. Suppose that A is a graded simple associative algebra of characteristic
not 2. Then A(1)/M is a simple or a commutative -Lie color algebra, where M is defined
in (2.6). Furthermore, A(1)/M is simple if and only if A(3) 	= 0.
Proof. If (A(1))− = 0, the proposition follows from Lemma 2.2. If A(3) = 0, we see that
A(1)/M is a commutative -Lie color algebra. Next we suppose that (A(1))− 	= 0 and
A(3) 	= 0.
If [(A(1))−, (A(1))−] 	⊂ Z , Theorems 2.7 and 2.3 ensure that N = 0, and the theorem
follows.
Now suppose that [(A(1))−, (A(1))−] ⊂ Z . By Lemma 2.7 we know that [(A(1))−,
(A(1))−] 	= 0. Then N = (A(1))− and M = (A(1))− +Z ∩A(1).
Suppose there exists an -Lie ideal U of A(1) such that
(
A(1)
)
− +Z ∩A(1) ⊂U, A(1) 	=U 	=M. (2.11)
So U+ 	⊂Z . By Lemma 2.1(e),
U(3) = 0. (2.12)
By noting that [U+, (A(1))+] ⊂U+ and [(A(1))−, (A(1))−] ⊂Z , we can easily verify that
V =U+ +
[
U+,
(
A(1)
)
−
]+Z ∩A(1)
is an -Lie ideal U of A(1). We see that V+ 	⊂ Z . Let
W = V (1) +Z ∩A(1) = [U+,U+]+
[
U+,
[
U+,
(
A(1)
)
−
]]+Z ∩A(1). (2.13)
Since V+ 	⊂Z , by Lemma 2.1(f), we obtain that W 	⊂Z .
Claim 1. [U+,U+] 	⊂Z .
Otherwise suppose that [U+,U+] ⊂ Z . Since W 	⊂ Z , we see from (2.13) that
[U+, [U+, (A(1))−]] 	= 0. Applying Lemma 2.5(c) gives
[[
U+,
[
U+,
(
A(1)
) ]]
,A−
] 	⊂Z. (2.14)−
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[[
U+,
[
U+,
(
A(1)
)
−
]]
,A−
]
⊂ [[U+,A−],
[
U+,
(
A(1)
)
−
]]+ [U+,
[[U+,A−],
(
A(1)
)
−
]]
+ [U+,
[
U+,
[(
A(1)
)
−,A−
]]]
⊂ [(A(1))−,
(
A(1)
)
−
]+ [U+,
[(
A(1)
)
−,
(
A(1)
)
−
]]+ [U+,
[
U+,
(
A(1)
)
+
]]⊂Z,
contrary to (2.14). Thus Claim 1 follows.
From Claim 1 we know that W+ 	⊂Z . Applying Claim 1 yields [W+,W+] 	⊂Z . This
and Lemma 2.1(f) yield that [(W(1))+,W(1)] 	⊂Z , i.e., U(1) 	= 0, contrary to (2.12). Thus
such a U does not exist. Therefore M is the maximal proper -Lie ideal of A(1). The
proposition follows. ✷
From Propositions 2.3 and 2.9, we know that, if A is a graded simple associative algebra
of characteristic not 2, then N = 0 or N = (A(1))−. Moreover, we have the following
Lemma 2.10. Suppose that A is a graded simple associative algebra of characteristic
not 2. If A(3) = 0, then A(2) ⊂ Z , i.e., A(1)/(A(1) ∩ Z) is a commutative -Lie color
algebra.
Proof. Since A(3) = 0, from Lemma 2.1(f) we see that (A(2))+ ⊂Z , so
[(
A(1)
)
−,
(
A(1)
)
−
]+ [(A(1))+,
(
A(1)
)
+
]= (A(2))+ ⊂Z. (2.15)
Using (2.15) we know that
[
A−,
(
A(2)
)
−
]= [A−,
[(
A(1)
)
+,
(
A(1)
)
−
]]⊂Z. (2.16)
From [(A(1))−(A(1))+, (A(1))−] ⊂ (A(1))+, we see that (A(1))−(A(2))− ⊂ (A(1))+, then
[(A(1))−(A(2))−, (A(1))−] ⊂ (A(2))+, i.e.,
(
A(1)
)
−
[(
A(2)
)
−,
(
A(1)
)
−
]⊂ (A(2))−.
Then we know that
[(
A(1)
)
−,
(
A(2)
)
−
]= 0, (2.17)
or
(
A(1)
)
− =
(
A(2)
)
−. (2.18)
Equation (2.18) implies
[(
A(1)
)
,
(
A(1)
) ]= 0. (2.18′)− −
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To the contrary, we suppose that (A(2))− 	= 0, then, as a associative algebra, A is
generated by A(1). We divide the proof into two cases,
Case 1. [(A(1))−, (A(1))−] 	= 0.
We know that (2.17) holds. From Lemma 2.5(b) we see that (A(1))+ = [(A(1))−,A−].
From (2.15), we deduce
[(
A(1)
)
+,
(
A(2)
)
−
]= [[(A(1))−,A−
]
,
(
A(2)
)
−
]= 0.
Combining this with (2.17) and from Lemma 2.1(c), we see that (A(2))− ⊂ Z . From
Lemma 2.1(a), we see that (A(2))− = 0.
Case 2. [(A(1))−, (A(1))−] = 0.
We see that
[(
A(1)
)
−,
(
A(2)
)
−
]= [(A(1))−,
[(
A(1)
)
−,
(
A(1)
)
+
]]= 0,
and [(A(1))+, (A(2))−] ⊂ (A(2))−. Then A(A(2))− + (A(2))− is a nonzero ideal of A, so
A=A(A(2))− +
(
A(2)
)
−. (2.19)
Also U =∑∞k+1((A(2))−)k + z is an -Lie ideal. Since [U,U ] = 0, from Lemma 2.1(g),
we see that U+ ⊂Z and u2 = 0 for all u ∈ U−. In particular,
(
A(2)
)
−
(
A(2)
)
− ⊂Z and u2 = 0 ∀u ∈
(
A(2)
)
−. (2.20)
If (A(2))−(A(2))− 	= 0, say uv = 1 for u,v ∈ (A(2))−. Then 0= uuv = u, a contradiction.
Thus
(
A(2)
)
−
(
A(2)
)
− = 0. (2.21)
If [A−, (A(2))−] = 0, then [A, (A(2))−] ⊂ (A(2))−, from (2.19) we see that AA =
A(A(2))−A(A(2))− = 0, a contradiction. Thus
[
A−,
(
A(2)
)
−
] 	= 0. (2.22)
From (2.20) and (2.22), by considering [A−, (A(2))−(A(2))−] = 0, we see that
dimZ (A(2))− = 1, say (A(2))− = Za. Then from (2.19) we see that AA = AaAa = 0,
a contradiction again. Thus our lemma follows. ✷
Next we construct two graded simple associative algebras for which N = (A(1))−.
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over Z , and generated by homogeneous elements a, b, c in A−, with defining relations:
a2 = λ1, b2 = λ2, c2 = λ3, [a, b] = [a, c] = [b, c] = 0,
where λi ∈ Z\{0}. It is easy to verify that A is a graded simple associative algebra.
Example 2. G-graded associative algebra A= B(8). This associative A is of dimension 8
over Z , and generated by homogeneous elements a, b, c in A−, with defining relations:
a2 = λ, [b, c] = 1, [a, b] = [a, c] = b2 = c2 = 0,
where λ ∈ Z\{0}. It is easy to verify that A is a graded simple associative algebra.
Now we are ready to show our main result.
Theorem 2.11. Suppose that A is a graded simple associative algebra of characteristic
not 2. Then A(1)/(A(1) ∩ Z) is a simple or a commutative -Lie color algebra except
when dimZ A= 8. Furthermore, A(1)/(A(1) ∩Z) is simple if A(3) 	= 0 and dimZ A 	= 8.
If A(3) 	= 0 and dimZ A= 8, then A is A(8) or B(8).
Proof. If (A(1))− = 0, the theorem follows from Lemma 2.2. If A(3) = 0, from
Lemma 2.10 we see that A(1)/(A(1) ∩ Z) is a commutative -Lie color algebra. Next
we suppose that (A(1))− 	= 0 and A(3) 	= 0.
If [(A(1))−, (A(1))−] 	⊂Z , Propositions 2.7 and 2.3 ensure the theorem.
Now suppose that [(A(1))−, (A(1))−] ⊂ Z . By Lemma 2.7 we know that [(A(1))−,
(A(1))−] 	= 0. Then N = (A(1))− and M = (A(1))− +Z ∩A(1).
For any a ∈ (A(1))+, b, c ∈ (A(1))−, we see that
[ab, c] = (b, c)[a, c]b+ a[b, c] ∈ (A(1))+.
Since a[b, c] ∈ (A(1))+, then [a, c]b ∈ (A(1))+. Since [(A(1))+, (A(1))−] = (A(1))+, we
deduce that
(
A(1)
)
−
(
A(1)
)
− ⊂
(
A(1)
)
+. (2.23)
For any a ∈A+, b, c ∈ (A(1))−, we see that
[ab, c] = (b, c)[a, c]b+ a[b, c] ∈ (A(1))+.
Since (b, c)[a, c]b ∈ (A(1))+, we deduce that a[b, c] ∈ (A(1))+, i.e., A+[(A(1))−,
(A(1))−] ⊂ (A(1))+, which implies A+ ⊂ (A(1))+, i.e.,
A+ =
(
A(1)
)
. (2.24)+
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A− =
(
A(1)
)
−A+. (2.25)
Claim 1. If x ∈A+ and [x, (A(1))+] ⊂Z , then x ∈ Z .
From [x, (A(1))+] ⊂Z and [(A(1))−, (A(1))−] ⊂Z , we deduce that
[[
x,
(
A(1)
)
−
]
,A−
]⊂ [[x,A−],
(
A(1)
)
−
]+ [x, [(A(1))−,A−
]]
⊂ [(A(1))−,
(
A(1)
)
−
]+ [x, (A(1))+
]⊂Z.
By Lemma 2.5(c), we deduce that we see that [x, (A(1))−] = 0. Since A(1) = A(2),
we know that (A(1))+ = [(A(1))−, (A(1))−] + [(A(1))+, (A(1))+]. Then [x,A(1)+ ] =
[x, [(A(1))+, (A(1))+]] = 0. So [x,A(1)] = 0. By Lemma 2.1(c) x ∈Z . Claim 1 follows.
Claim 2. If x ∈A+ and [x, (A(1))−] = 0, then x ∈Z .
Using Lemma 2.5(b), we deduce that
[
x,
(
A(1)
)
+
]= [x, [(A(1))−,A−
]]= [[x, (A(1))−
]
,A−
]+ [(A(1))−, [x,A−]
]
= [0,A−] +
[(
A(1)
)
−,
(
A(1)
)
−
]⊂Z.
So [x,A(1)] ⊂Z . From Claim 1, Claim 2 follows.
It is easy to see that (A(1))− + (A(1))−(A(1))− is an -Lie ideal of A(1). Since
A(1)/M is simple, we see that (A(1))−(A(1))− ⊂ Z or (A(1))−(A(1))− = (A(1))+ = A+.
If (A(1))−(A(1))− ⊂Z , we deduce that, for all a, b, c ∈ (A(1))−,
0= [ab, c] = a[b, c]+ (b, c)[a, c]b,
to see that dimZ (A(1))− = 1. Suppose that
(
A(1)
)
− =Ze.
Claim 3. [(A(1))+, (A(1))+] 	= 0.
Otherwise, if [(A(1))+, (A(1))+] = 0, we can easily verify that A(3) = 0, a contradiction.
Claim 4. The dimension of (A(1))+ over Z is at most 2.
Otherwise suppose homogeneous u,v,1 ∈ (A(1))+ are linearly independent over Z .
Let [u, e] = λ1e, [v, e] = λ2e. Then [λ−11 u − λ−12 v, e] = 0, furthermore [λ−11 u− λ−12 v,
(A(1))−] = 0. From Claim 2 we obtain that λ−11 u− λ−12 v ⊂Z , contrary to the hypothesis
on u, v, 1. So Claim 4 follows.
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(A(1))−(A(1))− 	=Z and so
(
A(1)
)
−
(
A(1)
)
− =A+. (2.26)
Thus the associative algebra A is generated by (A(1))−, and
A+ =
(
A(1)
)
−
(
A(1)
)
−, A− =
(
A(1)
)
−
(
A(1)
)
−
(
A(1)
)
−. (2.27)
This implies
[
a,
(
A(1)
)
−
] 	= 0, ∀a ∈ (A(1))−\{0}. (2.28)
For any b ∈A−, a, c ∈ (A(1))−, from [ab, c] ∈ (A(1))− we see that
a[b, c] = −(b, c)[a, c]b (mod (A(1))−
)
.
Since [a, c] ∈ Z , from (2.28) we deduce that
[b, c] /∈ Z, ∀b ∈A−\
(
A(1)
)
−, c ∈
(
A(1)
)
−\{0}. (2.29)
For any a ∈ (A(1))−, we define
P(a)= {x ∈ (A(1))−
∣∣ [a, x] = 0}. (2.30)
Then dim((A(1))−/P (a))= 1, and [P(a)3, a] = 0. Combining this with (2.29), we deduce
that
P(a)3 ⊂ (A(1))− ∩ P(a), ∀a ∈
(
A(1)
)
−\{0}. (2.31)
For a, b ∈ (A(1))−, if ab ∈ Z , we know that 0 = [ab, c] = (b, c)[a, c]b + a[b, c] for
c ∈ (A(1))− to see that
ab /∈ Z, ∀a, b ∈
(
A(1)
)
− with dimZ (Za +Zb)= 2. (2.32)
Claim 5. dimZ (A(1))−  3.
To the contrary, we suppose that dimZ (A(1))− > 3. Fix a ∈ (A(1))−\{0}. Choose
linearly independent homogeneous elements b, c, d ∈ P(a). We can find x ∈ P(b) ∩
P(c)\P(d). So [bcd, x] = bc[d, x] ∈ Z , i.e., bc ∈ Z . This contradicts (2.32). Thus
Claim 5 follows.
Case 1. dimZ (A(1))− = 1.
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Claim 4, to see this case does not occur.
Case 2. dimZ (A(1))− = 2.
From (2.26) we see that dimZ (A(1))+  2. Then [A+,A+] = 0, a contradiction.
Case 3. dimZ (A(1))− = 3.
Suppose a2 = 0 for all a ∈ (A(1))−. Choose a, b ∈ (A(1))− such that [a, b] = 1. Then
we can find c ∈ (A(1))−\{0} such that [a, c] = 0. We can re-choose b′ ∈ Za + Zb such
that [a, c] = [b, c] = 0. Then c ∈ Z , a contradiction. Thus, there exists a ∈ (A(1))− such
that
a2 = λ1 ∈ Z\{0}. (2.33)
We can choose b, c ∈ P(a) such that (A(1))− = Za + Zb + Zc. If b2 = λ2 ∈ Z\{0},
then we can find c′ ∈ P(a)∩ P(b) such that c2 = λ3 ∈ Z\{0}, and this algebra is A(8) in
Example 1. Now suppose b2 = 0. We can find c′ ∈ P(a) such that (c′)2 = 0 and [b, c] = 1.
This algebra is B(8) in Example 2. Our theorem follows. ✷
The next theorem deals with the case when the quotient A(1)/(A(1) ∩ Z) is
a commutative -Lie color algebra. This theorem was suggested by S. Montgomery, and
in fact she proved it in the case when |G| is a unit in F, using several other known results.
Here we prove it in general, with an elementary proof.
Theorem 2.12. Suppose that A is a G-graded simple associative algebra of characteristic
not 2. If A(1)/(A(1) ∩Z(A)) is a commutative -Lie color algebra, then dimZ(A) A 4.
Proof. From Theorem 2.11, it suffices to show that if A(3) = 0 then dimZ(A) A 4.
Suppose A(3) = 0. From Lemma 2.10, we see that A(1)/(A(1) ∩ Z) is commutative,
i.e., [A(1),A(1)] ⊂Z . From Lemma 2.1(f) it follows that (A(1))+ ⊂Z , i.e.,
[A+,A+]+ [A−,A−] ⊂Z. (2.34)
If A− = 0, then [A,A] = Z . If [a, b] = 1 for some a, b ∈ A, then [a, b2] = 2b ∈ Z ,
a contradiction. So [A,A] = 0, also a contradiction. Next suppose that
A− 	= 0. (2.35)
Suppose Z = 0. It follows from (2.34) that
[A+,A+] = [A−,A−] = 0. (2.36)
From [xy, z] = (y, z)[x, z]y + x[y, z] = 0 for any homogeneous x, y, z ∈ A−, and
from (2.36) we see that xy ∈ Z , i.e., A−A− = 0. Thus A− is a nonzero ideal of A,
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Lemma 2.1(a). Therefore
Z 	= 0. (2.37)
Claim 1. [A+,A+] = 0.
Otherwise suppose there exist homogeneous elements x, y ∈ A+ such that [x, y] 	= 0
which is then invertible. For any homogeneous element z ∈A+, noting that [x, y], [zx, y],
[xy, z], [x, z] ∈Z , from
[x, y]z= (xy, z)[zx, y]+ [xy, z] − (x, y)y[x, z],
we obtain that A+ = Z + Zy . Thus [A+,A+] = 0, a contradiction. Consequently,
Claim 1 follows.
Claim 2. [x,A−] 	= 0 for any nonzero x ∈A−.
Otherwise suppose there exists nonzero homogeneous element x ∈ A− such that
[x,A−] = 0. It is clear that A− + A−A− is an ideal of A, we know that A+ = A−A−.
Thus [x,A+] = [x,A−A−] = 0. We deduce that x ∈ Z , contrary to the fact Z ⊂ A+.
Therefore Claim 2 holds.
Claim 3. [A+,A−] 	= 0 and A+ 	=Z .
If [A+,A−] = 0, from Claim 1 we see that A+ = Z . To the contrary to Claim 3,
suppose A+ =Z . For any homogeneous elements x, y, z ∈A−, we have
0= [xy, z] = x[y, z] + (y, z)[x, z]y.
From Claim 2 we deduce that dimZ A− = 1. Thus A= Z +Zx for some x ∈ A−. It is
clear that A is -commutative, a contradiction. Therefore Claim 3 follows.
For any homogeneous elements x, y, z ∈A−, z0 ∈A+, applying ad z to
[xz0, y] = x[z0, y] + (z0, y)[x, y]z0
and noting that [xz0, y], [x, y] ∈ Z (see (2.34)), we obtain that
[z, x][z0, y] + (z, x)x
[
z, [z0, y]
]+ (z, y)(z, xy)[x, y][z, z0] = 0. (2.38)
From Claims 2 and 3, we can choose z0, y , z in (2.38) such that [z, [z0, y]] ∈ Z\{0}. From
(2.38) we see that A− ⊂Z[z0, y] +Z[z, z0], i.e.,
dimZ A−  2. (2.39)
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xa = µa, i.e., (x −µ)a = 0. Thus x −µ ∈ Z . Therefore A+ =Z , and A=Z +Za. It
follows that A is commutative, a contradiction. Consequently
dimZ A− = 2. (2.40)
Let A− = Za ⊕ Zb. Then A+ acting on A− by left multiplication is a subalgebra of
M2(Z). If dimZ A+ > 4, there exists x ∈A+\{0} such that xA− = 0. Then A+x +A−x
is an ideal of A, to give A+x = A+, A−x =A−. Thus (A−)2 =A−xA−x = 0, contrary to
Claim 2. Therefore
dimZ A+  4. (2.41)
If dimZ A+ = 3, 4, viewing the action on A− by left multiplication as a subalgebra of
M2(Z), it is easy to see that A+ cannot be -commutative. Therefore, dimZe A+  2, i.e.,
dimZ A 4. This completes the proof of this theorem. ✷
Corollary 2.13. Suppose that A is a G-graded simple associative algebra of characteristic
not 2 and dimZ(A) A > 8. Then A(1)/(A(1) ∩Z(A)) is a simple -Lie color algebra.
Remark. From the above proof we know that we do not have two or three dimensional
G-graded simple associative algebras (over their supercenters). For four-dimensional
G-graded simple associative algebras (over their supercenters), the quotients can be simple
or not simple, see Example 1 below.
We like to conclude our paper by giving two examples.
Example 3. Let C be the complex number field, F =C, G= Z×Z. Then  :G×G→C
sending ((i, j), (k, l)) to (−1)(i+j)(k+l) is a bicharacter of G, and
G+ =
{
(i,2j − i) ∣∣ i, j ∈ Z}, G− =
{
(i + 1,2j − i) ∣∣ i, j ∈ Z}.
Let R = C[x±1, y±1] be the G-graded algebra with defining relation yx = −xy and
G-gradation R(i,j) = Cxiyj . Then it is clear that R is a G-graded simple associative
algebra. It is straightforward to verify that Z(R) = ∑i,j∈Z Fx2iy2j , [R+,R+] = 0,
[R+,R−] =R−, [R−,R−] =Z(R), and R(3) = 0. We see that M =R(1). So the quotient
A(1)/M = 0.
Example 4. Let F , R, G, and  :G × G→ C be defined as in Example 1. Consider
the n × n matrix algebra A = Mn(R), where n > 1. Define the G-gradation A(i,j) =
Mn(Cxiyj ). Then it is clear that A is a G-graded simple associative algebra. If we denote
the matrix with 1 in (i, j)-position and 0 in other positions by Ei,j , then (REi,j )2 = 0 for
i 	= j . We cannot use Lemma 2.2 to obtain a simple -Lie color algebra from A. Now we
K. Zhao / Journal of Algebra 269 (2003) 439–455 455apply Corollary 2.13. For simplicity, we assume that n= 2. It is straightforward to verify
that Z(A)=∑i,j∈Z Fx2iy2j I , where I is the identity matrix, and that A(1) is spanned by
RE1,2, RE2,1, R(E1,1 −E2,2), Z(R)(FE1,1 + FE2,2).
One can easily find x ∈ (A(1))− such that [x, (A(1))−] 	⊂ Z(A). By Proposition 2.7, we
know that the quotient A(1)/(A(1)∩Z(A)) is a simple -Lie color algebra (or this is clear
from Corollary 2.13).
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